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IZVLECEK

V prispevku predstavijamo spremeljivost ANOVA-varianc
Casovnibh vrst GPS-koordinat. Za namene analize
smo dolocili koordinate na podlagi dvojnib faznih
razlik opazovanj GPS z uporabo ionosferskega vpliva
proste linearne kombinacije opazovanj (L0), ob faznih
nedolocenostih, dolodenih v mnoZici naravnib stevil.
Namen raziskave je bil ugotoviti znacilnosti asovno
spremenljivega obnasanja ANOVA-varianc lasovne
vrste koordinar in izkazalo se je, da je v casovnih vrstah
koordinat prisoten sezonski vpliv. V primerjavi dnevnibh in
mesecnih koordinat so bile za dnevno dolocitev koordinar
zaznane vedje razlike med vrednostmi ANOVA-varianc.
Pri izracunih smo uporabili podatke tirilenih opazovanj
GPS za bazni vektor dolzine 40 kilometrov, pri cemer so
bila opazovanja izvedena v 0bdobju nizke in tudi povecane
Sonceve aktivnosti.
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ABSTRACT

In this paper, which represents a continuation of the previous
author's work, an inconstancy of GPS residual error
ANOVA estimates and their variances are presented. For
the purpose of the analysis, fixed solutions for all of the three
coordinates, e (eastwards), n (northwards) and u (upwards),

obtained by using ionosphere-free (L0) linear combination

of double-difference phase observations in the processing of
GPS dara, were employed. The aim of the research was ro

consider the behaviour of variances of GPS residual error
ANOVA estimates in time because there has not been any
paper dealing with that issue so far. Herein, it turned out
a seasonal pattern in related time series was present. In

addition, it was concluded there was a différence in ANOVA

estimate extreme values obtained when one considered daily
data subsets compared ro those obtained in the approach
considering monthly data of the fixed solutions. GPS dara
collected at ending stations of a baseline of 40 km in length
within a four-year period, involving the lowest and increased
solar activity, were used in calculations.

KEY WORDS

"far-field" multipath, tropospheric and ionospheric effect,
ANOVA, GPS positioning, seasonal pattern
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1 INTRODUCTION

In Andi¢ (2016), the author proved the possibility of using the two-way nested classification with random
effects with no interactions in variance components estimation for residuals arising due to the influ-
ence of multipath and the joint influence of ionospheric and tropospheric refraction with simultaneous
separation of the pure error variance estimate. In other words, besides those related to the random ef-
fects, reliable ANOVA estimates for short-periodic and long-periodic residual effects were obtained. The
present study, however, makes one step further, since it implies a consideration of seasonal behaviour of

aforementioned ANOVA estimates and their variances.

As in Andi¢ (2016), the GPS infrastructure used includes two MontePos GPS permanent stations, located
in Podgorica and Bar. Static-mode measurements, registered at each 30 s, are also used herein, but now
during the four-year period 2008-2011, which was chosen since it involves the lowest and increased
solar activity in the 11-year solar cycle. Slope distance and altitude difference between the stations are,
respectively, 40 km and 38 m. Receivers and antennas at both stations are of the same type. In addition,
the antennas have the same orientation. For post-processing of GPS measurements, the same software

with the same settings as written in Andi¢ (2016) was used.

Double-difference phase observation model provides cancelling out of the effects of receiver antenna
phase centre offsets and variations when it is about a short- as well as a medium-distance baseline
with antennas of the same type set at both its ends (Kouba, 2009; El-Hattab, 2013). Taking into
account that antennas of the same type and, even, the same orientation were set at both ends of
the elected baseline of 40 km in length, one states these effects can be neglected in this study. The
same can be said for the “near-field” multipath effects, because both antennas were set in the same
way and provided with the radomes of the same type, and, what is more important, there were
not any prospective reflectors in the “near-field” environment of those antennas (see Figure 1 in
Andi¢ (2016)).

Pursuant to the abovementioned, only the joint influence of ionospheric and tropospheric refraction
and the “far-field” multipath influence are supposed to be considered herein. In publications such as
Satirapod and Rizos (2005), Ragheb et al. (2007), Hsieh and Wu (2008), Rost and Wanninger (2010),
Lau (2012), Azarbad and Mosavi (2014), Wang et al. (2018), one can find about multipath and its
impact on GPS positioning. About ionosphere and its residual effects, a reader can find in, e.g. Kedar
et al. (2003), Morton et al. (2009), Petrie et al. (2011), Sterle et al. (2013), Liu et al. (2016) and Hadas
et al. (2017). Some of the recent publications dealing with tropospheric refraction modelling are e.g.
Musa et al. (2004), Yahya et al. (2009) and Danasabe et al. (2015).

2 METHODS

2.1 Two-way nested ANOVA in GPS precise positioning

The method involves a linear model based on the unbalanced two-way nested classification theory where
random effects with no interactions are present (Searle, 1971). The model equation is written as (for
details, see Andi¢ (2016)):
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Ay =, +Bj + &5, with i € (12,4}, je(1,2,...6}, ke {l,2,...,ml, (1)

L4 W, A

witha>2, b 22, 22, and the accompanying stochastic model, based on the following assumptions:

(VieW,)(o, ~ N(0,62)) ;

(Y, j) € Wy x W5) (B, ~ N(0,63) 5

(WG, j, k) € W] x Wy x W3) (e ~ N(0,62)) (2a)
(Y, j, k) € Wy x Wy xW3) (cov(a;,B) = cov(r;, 84) = cov(By,e,4) = 0) 5

(VG . k), (p.qo ) €Wy x Wy xW3)((i # pv j# gV ke #7) = cov(€g,€ ) =0)

and, consequently:

(Y, j, k) € Wy x Wy x W3)(A ~ N(0,63), @b)
where the following notations were introduced:

A - the true error of the fixed double-difference L0 solution for the relative coordinate e, n or u, for an
i

individual epoch;
a, — the joint random effect of tropospheric and ionospheric refraction (the nesting factor);
B, — the random effect of “far-field” multipath (factor nested within c); and

&y the purely random error (nested within ﬁl])

In order to make a connection with the presentation below, the next notations are introduced here:

b b
N; zzj=1”ij =n,, B =Zj=1bi =b, N =Z:=1Zj=1”ij' 3)

Based on (1) and (2a-b), one can write:

(V(i, j,k) € Wi x Wy xW3)(D{A} = 03 =0y, +0f +07), (4)

2
p

A graphical presentation of the true error statistical distribution for the coordinates e, # and # is given

where 62, o7 and G are the variance components to be estimated.

by frequency histograms in Figure 1, Figure 2 and Figure 3 (January 2009 is chosen as an example). It
is obvious that the validity of the assumptions given by (2a-b) exists.
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Figure 1: Frequency histogram for the true errors of the coordinate e (January 2009) - baseline Bar-Podgorica.
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Figure 2:  Frequency histogram for the true errors of the coordinate n (January 2009) — baseline Bar-Podgorica.
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Figure 3: Frequency histogram for the true errors of the coordinate u (January 2009) — baseline Bar-Podgorica.

In this paper, separately for each coordinate, the author divided the set of all true errors for the four-year period
(2008-2011) by months (not by days as in his previous research) and then, within each subset established, he carried
out the same procedure as described in Andi¢ (2016), with exceptions of its parts regarding the step 8 (related to
hypothesis testing of influence of the nesting factor ) and the step 10 (related to outlier detection method used).

As for the step 8, i.e. testing for statistical significance of the influence of the nesting factor (), the
following test statistic is used herein (following Sahai and Ojeda, 2005):

MSN
Fy|Hog = 55| Hoa = F s B=a) (5)

The sums MSN and MSB, with the corresponding degrees of freedom, are calculated as follows:

MSN?

MSN = (0, 1 03)MSA+(1=v, /03 )MSE,  fion = . > df, 5a)
(v /03) 2 (1=v;/v3) 2
————— MSA* +———MSE
a—1 N -
Za Zbi » (n_lznij A _N_lzb,- Zn,»j A )2
i i1 i\ —1Bijk i i —1 DPijk
MSB = 1L j=1 "5 NG L fp=1 7 j=1 =1 . fusp =B-a df (5b)
B—-a
with
N —Fk ki, —k
L :—12 and 03: 12 3) (SC)
B-a a—1

where 2, Band NV are from (1) and (3). Calculation of £, and k, was given in Andic (2016).
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When F > F, . (f,v B~ 4), there is a statistically significant influence of the nesting factor.

On the other side, as for the step 10, i.c. outlier detection, beside the “three-sigma” criterion, the
PEROBHIK2S method was also used. Thus, a “fine” elimination of gross errors was also provided. For
details regarding the related mathematical tool, see Perovic (2015, 2017).

2.2 ANOVA estimates and estimates of their variances and covariances
The ANOVA estimates are calculated as follows (see also Andic (2016)):

/E 2 Zl lz] IZ ! A’]k Zl 12] 1 (Z/;] Agk)

RECENZIRANI CLANKI | PEER-REVIEWED ARTICLES

op = = o : ©
; -1 ; 2
/5 2 Zz 12] =1 (Zk] Al]/e) —IN (Z] Izk] AZ]/e) —61)7718 (7)
Oog =mg = ;
a — 2 ; )
2 _ 2 Z, 1 I(Z] lz g A’J/@) -N” (Zz 121 12 ! Atjk) klz—/es)mﬁ (a =)m; 8)
Go =my = (
N—k
with the correspondent degrees of freedom:
- f=N-B (6a)
s (MSB—MSE)* N-w
fo=——————5 = fps (7a)
MSB + MSE
B-a N-B
. [MSA—(v3/0)MSB+(vs3 /v, —1)MSE]?  N-= (@
Ja = MSA? 5 B? ) MSE> far
+(v3 /v +(vy /vy —1
1 (v L3 1) . (Ua Ly ) N_B

whereby the latter two, as 51gn1ﬁed, may be regarded as theoretical ones in the case of a large number
of data.

The estimates of the ANOVA estimate variances and covariances are calculated as follows (see also

Andic (2016)):
4
m22 _ 2m, 5
m;  N—B
2k + Nk — 2k )mé +4(N_/"12)7”827”[:3Z +Ww§
= N-B 0
m, = 2 "
" (N = ki)
m?, = 20yl + Ny + Ny + 20 gmimy +2hsmim? +2hgmim?) (11)
, =
" (N =k (N k)
ho=k)6=0)_,_,
[A( 2 2 = — ™2 m22 (12)
e N - kl mg
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A B-a 2

ng,mé =—N_k12 mmg (13)
ke —Fk 2(a-1)(B-a
2ks — by + -0 "ymg + (a=1)( )mf —(N = kyy) by —ley)m>,
5 _ N N-B mg (14
K 2 2 = )
g g, (N =l )(N —Fy5)
and then also the correlation coeflicient estimates:
]A(mz le [A(mz mZ [A( 2m2
P, o, =M op T d p, , = (15)
e mam T mam, e,

Remark: During the calculation process, the adopted interval-variant B from Andi¢ (2016) was used.

2.3 Testing homogeneity of variances within the entire four-year period considered

Bartlett’s test (Bartlett, 1937) is used to test if # ANOVA estimates obtained are statistically equal.
Namely, for each coordinate (e, 7 and #), the test is performed particularly for nesting () and nested

(B) factor, as well as for the pure random effect (€). For that purpose, the following test statistic is used:

b
s(kc,i -1) [fc,z' In mcz',i - Z ;;11 (fc,i, ? In mcz'z ? )]
/ec,i
3(ke; —1)+ZP:1(1/ foip) =1 fei

where (¢, 7, p) € {e, n, u} x {&, B, a} x {1,2, ..., £_}, and whereby the following variance with the cor-
responding degrees of freedom is previously calculated:

2 1 ke 2 . ke i
My = foi Z;;lfc)iypmc,i,],, with  f.; = Zp‘:l feip df, (17)

One should note that a good approximation to - distribution is achieved when degrees of freedom
are greater than or equal to 4 (BolSev and Smirnov, 1968), and that is largely fulfilled in this study,
because one states fw)]) > 74, with (¢, p) € {e, n, u} x {1, 2, ..., kw} (degrees of freedom for the
nesting factor, comparing to those for the nested factor and the purely random effect, always take

Xzz:,z' | Hy = | Hy ~ X%c'i—l (16)

minimal values).

So, if y?, <%l ., > then H isaccepted (all variances are equal). Otherwise, H is rejected (there is at
> et

least one variance that differs from the others).

3 RESULTS

The results obtained by applying the procedure described in Chapter 2 are presented numerically and
graphically in the continuation. At first, extreme values of square roots of ANOVA estimates, calculated
by months for the coordinates e, 7 and #, are shown in Table 1. Time series graphs of those square roots
are presented in Figure 4.

Maximums and minimums of the estimates of the ANOVA estimate variances are presented in Table 2,

and there is also Figure 5 representing the corresponding time series.
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Table 1:  Maximums and minimums of the square roots of the ANOVA estimates (in mm).
Square Roots Year 2008 Year 2009 Year 2010 Year 2011
of ANOVA
Estimates min max min max min max min max
m, 3.3 4.6 3.7 4.6 4.1 4.5 3.8 4.5
e m, 3.5 5.6 4.0 5.6 4.0 5.7 3.7 5.7
m, 2.4 4.5 2.1 5.0 2.3 5.1 2.1 5.2
m, 4.3 6.1 49 6.1 5.4 6.2 4.9 5.7
n m, 4.9 7.0 5.0 6.7 5.1 7.0 4.6 6.5
m, 3.0 7.0 3.1 7.6 3.0 7.1 2.4 7.0
m, 8.3 13.1 8.8 12.4 10.4 12.7 9.4 10.9
u mg 9.9 15.4 11.0 15.3 10.8 17.2 10.6 15.6
m, 16.6 29.7 15.6 31.1 13.5 34.5 16.4 36.5
Table 2: Maximums and minimums of the estimates of the ANOVA estimate variances (in mm?).
Estimates Year 2008 Year 2009 Year 2010 Year 2011
of ANOVA
Estimate min max min max min max min max
Variances
mz2 0.0035 0.0185 0.0069 0.0150 0.0092 0.0133 0.0061 0.0369
mE
e mz2 0.0324 0.2462 0.0626 0.1944 0.0573 0.2162 0.0428 0.2203
g
mzz 0.2038 2.8503 0.1358 3.9016 0.1978 4.3530 0.1548 4.6704
m(l
mzz 0.0106 0.0544 0.0226 0.0481 0.0279 0.0476 0.0165 0.0950
m{?
n mz2 0.1157 0.6128 0.1348 0.4349 0.1591 0.5221 0.1157 0.3772
my
B
mzz 0.5399 18.6456 0.8347 21.1847 0.6035 16.4889 0.4170 16.2761
ml}.
m22 0.1487 1.1675 0.2367 0.8474 0.4195 0.8608 0.2396 2.0631
mE
u m22 1.8719 14.0572 3.0859 12.0416 2.9764 16.8701 2.7603 16.4249
my
B
mz2 482.43 5995.81 344.02 5815.81 208.91 8562.71 460.38 11001.9
m,

Figure 4 provides the information that a seasonal pattern in the time series of (the square roots of ) the ANO-

VA estimates is present. It can be concluded that maximums and minimums are present in the summer and

winter period, respectively. This ascertainment is also valid for the time series of the estimates of the ANOVA

estimate variances (see Figure 5). The highest values exist for the coordinate #. It is also obvious that values

related to the coordinate e are lower than the correspondent ones, which were obtained for the coordinate 7.
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Figure 4:  Time series of the square roots of the ANOVA estimates (solid — m_; dash — My dot-m,).

In Figure 5, one can also spot that convincingly highest values of the estimates of the ANOVA estimate
variances are related to the coordinate #, especially when considering the nesting factor. On the other
hand, the estimates for the coordinate e are with the lowest values, no matter if the purely random effect,
the nested or the nesting factor is observed, but very close to the correspondent ones for the coordinate
n when considering the nested factor.

With the aim to avoid potential doubts regarding the peaks in the diagrams in the first row of Figure 5,
connected to january 2011, the author want to emphasize that the correspondent values were obtained
on the basis of a significantly decreased number of the true errors due to a larger percentage of rejected
dataina “fine” (i.e. additional) elimination of gross errors, by using the aforementioned PEROBHIK2S
method (45.6%, 44.6% and 65.8% in the case of the coordinates e, 7 and #, respectively), which led
to a decrease in denominator in equation (9), causing, in that way, an increase of the related estimate
of the ANOVA estimate variance for the purely random error. The values related to the peaks weren’t
intentionally omitted in the diagrams to testify how a smaller input dataset affects the estimates.
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Month number within the four-year period (2008-2011)

Figure 5: Time series of the estimates of the ANOVA estimate variances (solid — m? 5, dash - m? 5, dot - m? 5).
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Table 3 provides an insight into the correlation of the ANOVA estimates. One can be easy concluded that

there is no correlation between the ANOVA estimates for the purely random and the joint tropospheric

ARTICLES

and ionospheric effect at all, and, practically, there is no other correlation.

J

Table 3:  Maximums and minimums of the absolute values of the ANOVA estimate correlation coefficients estimates (in %).

Estimates Year 2008 Year 2009 Year 2010 Year 2011
of ANOVA
Estimate

)
e
[
o
)
)

Correlation min max min max min max min max
Coefhicients
(Abs.Value)

RECENZIRANI CLANK|

|7 2 él 4.6 6.5 4.6 6.4 43 6.9 3.7 8.5
e |7 2 2 | 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
|72 2] 0.6 1.3 0.6 1.8 0.6 1.5 0.6 1.8
[7 2 o] 4.6 7.6 5.6 7.2 4.9 7.4 4.5 9.3

n 172,21 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

EN

|72 o] 0.5 1.3 0.4 1.7 0.5 1.4 0.4 2.1
| 2 . I 4.0 6.1 4.4 6.1 3.7 6.5 3.1 6.2
u [72 o 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

[72 3| 0.1 0.3 0.1 0.3 0.1 0.4 0.1 0.2

The Bartlett’s test was applied within the entire four-year period (2008-2011), primarily for testing all
ANOVA estimates (Approach 1), then ANOVA estimates obtained for the same months in different
years (January 2008-2011, ... , December 2008-2011) (Approach 2), and, after that, for testing the
ANOVA estimates obtained for the winter (January—February—March 2008-2011), spring (months:
April-May-June 2008-2011), summer (months: July—August—September 2008-2011) and autumn
(months: October—November—December 2008-2011) period separately (Approach 3). The significance
level of 0.05 was previously adopted for all approaches, and as a homogeneity indicator, Test Statistic-to

-Quantile Ratio, >/ %*, ., ,» was chosen.

It turned out that for any effect (related to €, B and @) and for any coordinate (7, e and #), there is no
equality in Approach 1, and the results for Approach 2 and Approach 3 are presented in Table 4.
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Table 4:  Summarized results of Bartlett's test applied in Approach 2 and Approach 3.

Test Statistic-to- Approach 2 Approach 3
Quantile Ratio
(Extreme and Mean £ ) o € i o
Values)
min(? / A2y, ) 33.67 2.75 0.75 102.75 35.94 3.10
max(? / A5, ) 688.86 58.93 5.04 387.90 62.21 11.66
¢ 2 ) 166.01 20.26 2.65 220.20 49.54 6.58
Homogeneity no no for january no no no
min( /1245, ) 2059 3.24 0.52 112.85 3113 4.65
max(y” 1 % g5) 629.15 68.24 9.31 438.64 62.39 12.41
! 0 L 19372 2204 252 25387 48.37 774
Homogeneity no no for march and june no no no
min( /1245, ) 104.33 1.20 0.56 350.59 35.26 4.61
max(? / A5, ) 751.91 45.39 7.75 75022 52.09 13.04
“ 0 i 40693 1579 3.46 52915  47.19 8.58
Homogeneity no no for april no no no

The values in Table 4 show that the inhomogeneity of the residual error variances is also present between
the same months from different years (with an irrelevant exception of only one or two months, listed in
Table 4 for the nesting factor, Approach 2), as well as within each of the four seasons.

The results of testing in Approach 1 and Approach 2 were somewise expected, but it is not the case when
it comes to the results obtained applying Approach 3.

4 DISCUSSION
On the basis of the results obtained through the study, it is obvious that the highest values of the ANOVA

estimates of the “far-field” multipath and the combined tropospheric and ionospheric residuals are
present in the summer period and the lowest ones in the winter period, regardless of whether a calendar
year with minimal or increased solar activity is considered. Besides, the applied statistical test provided
the results proving the inhomogeneity of the residual error variances.

It turned out that the seasonal pattern in the time series of the estimates of the ANOVA estimate variances
is also present, indicating extreme values that exist in the summer and winter period. In addition, there
is no correlation between the ANOVA estimates for the purely random and the combined tropospheric
and ionospheric effect at all, and, practically, there is no other correlation. This is stated because the

absolute values of the related correlation coefficients do not exceed 9.3%.

For a GPS baseline of 40 km in length, located in the mid-latitude region, and four-year period, in-
volving minimal and an increased solar activity, it turned out that, for the coordinates e, # and #, the
square roots of the ANOVA estimates for the residuals arising due to the combined tropospheric and
ionospheric effects are within intervals 2.1-5.2 mm, 2.4-7.6 mm and 13.5-36.5 mm, respectively. Fol-
lowing the same order in presenting values, for the “far-field” residuals we have intervals 3.5-5.7 mm,
4.6-7.0 mm and 9.9-17.2 mm.
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In addition, one should be noted that the part of these results obtained for the joint influence of tropo-
spheric and ionospheric residuals during the year 2008 (see corresponding values in Table 1), in the case
of the coordinates e and #, is in a good agreement with the results from the first stage od the research
project presented (see comments in the paragraph below Table 5 in Andi¢ (2016)), where those were
obtained by unifying ANOVA estimates, calculated using daily subsets of data, and where intervals
1.8-3.9 mm (for the coordinate e) and 2.2—6.5 mm (for the coordinate 7) were established. As one
can see, practically, there is no significant difference between the results of the ANOVA approach based
on the daily and that based on the monthly level when it is about coordinates in the horizontal plane.
However, this is not the case with, always critical, coordinate z. Herein we have interval 16.6-29.7 mm,
which is not in so good agreement with that established in the previous research, and it is 9.4-20.2 mm.
That’s what was actually expected because, even if we consider a year with the lowest solar activity, there
are different atmospheric conditions between different days within such a year and this had a significant
impact on unifying ANOVA estimates, since a large percentage, i. e. 35% of those, was rejected through
Bartlett’s test (see comments above Table 5 in Andi¢ (2016)).

As for the multipath residual effect, comparing the results for the year 2008 presented in this paper
with those given in the previous author’s research, one can be said a large discrepancy exists, especially
when it is about the square roots of the ANOVA estimate maximums. Namely, it turned out that the
maximums ware increased 67.9%, 70.0% and 93.5% for the coordinates e, # and #, respectively, and,
following the same order of presentation, the minimums were decreased 11.4%, 14.3% and 17.2% (to
get these values, compare the related values in Table 1 to the corresponding ones for the Variant B in
Table 1, Table 2 and Table 3 presented in Andic (2016)). So, in this case, we can conclude that there is

a difference between the results obtained in considering daily and monthly data subsets.

Finally, conditionally speaking, a limitation of the research presented herein exists because one cannot
dispart the ionospheric and tropospheric residual effects using the methodology presented herein, but the
implications are not limiting for practical applications since the connected results bring joint information

about the residual atmospheric effects on the precise GPS positioning,.

Further research could be based on the consideration of the joint influence of tropospheric and iono-
spheric residuals in the daytime and nighttime particularly, using the methods presented herein. The
same should be also done for the multipath residual, because of a different characteristic of prospective

reflectors in these two sub-daily periods.
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