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IZVLECEK
LEden temeljnih ciljev geodezije je dolocitev modela geoida za
posamezno regijo, bodisi lokalno bodisi globalno. Raziskava
obravnava kljucne teoreticne, metodoloske in numericne izzive
pri modeliranju geoida ter opisuje model geoida za obmocje v
zahodni Makedoniji z uporabo metod KTH in CSH. Analiza
zdruzuje globalne geopotencialne modele (GGM), digitalne
modele visin (DMV), anomalije teZnosti in podatke GINSS.
GGM in DMV so prosto dostopni, medtem ko je nabore
podatkov o gravitaciji in GNSS zagotovila Agencija za kataster
Severne Makedonije (AREC). V raziskavi smo uporabili
sedem samo satelitskih modelov GGM (GOCE, GRACE in
GOCE+GRACE) ter kombinirani model EGM2008. Za
izracune so bili uporabljeni javno dostopni modeli DMV
(SRTM, ASTER, MERIT in TANDEM-X). Za izracun
anomalije teznosti smo uporabili meritve iz kampanje AREC
(2010-2014) ter zgodovinske podatke SFR] iz Sestdesetihy in
sedemdesetib let prejsnjega stoletja. Nabor podatkov dodatno
vsebuje 61 GNSS/nivelman tock in 104 dodame gravimetricne
tocke, kar skupaj znasa 165. Od GINSS tock jib je bilo 46
uporabljenih za validacijo modelov.

Po izracunu so bili modeli gravimetricnega geoida vkljuceni v
viSinski sistem regije z uporabo Stiriparametricne transformacijske
ploskve. Primerjava izracunanih modelov pred vklopom in po
njem je z metodama KTH oziroma CSH dala povprecni
pogresek RMSE 5,53 centimetra oziroma 5,51 centimetra.
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ABSTRACT

One of the fundamental objectives in geodesy is determining
a geoid model for a specific region, whether local or global.
The research addresses key theoretical, methodological, and
numerical challenges in geoid modelling and presents a geoid
Jfor a specific region in Western Macedonia, using the KTH
and CSH methods.

The analysis integrates global geopotential models (GGMs),
digital elevation models (DEMs), gravity anomalies, and GNSS
data. The GGMs and DEMs are freely accessible, whereas the
gravity and GINSS datasets were obtained from the Agency for
Cadastre of North Macedonia (AREC). Seven GGMs chosen
are satellite-only (GOCE, GRACE, and GOCE+GRACE)
and the combined model EGM2008 to analyze different modlel
bebaviors. The publicly available DEMs (SRTM, ASTER,
MERIT, and TANDEM-X) were used for the calculations.
Gravity data include measurements from an AREC campaign
(2010-2014) and historical SFRY data from the 1960s-1970s.
The dataset contains 61 GNSS/levelling points and 104
additional gravity points, totalling 165. Of the GNSS ponts,
46 were used for validation of the models.

Following computation, the gravimetric geoids were fitted using
a four-parameter corrector surface. Comparison of gravimetric
and geometric undulations yielded root mean square errors
(RMSE) of 5.53 cm and 5.51 cm, with KTH and CSH
methods, respectively.
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1 Introduction

GNSSS surveys provide horizontal positions and ellipsoidal heights, which quantify absolute elevations
relative to the WGS84 reference ellipsoid. While the ellipsoidal heights (h) are absolute in a geometric
sense, they do not directly represent physical heights above sea level. At locations where GNSS meas-
urements are taken, the availability of independently determined orthometric heights (H) allows us to
establish a direct relationship between geometric and physical height systems. The present study focuses on
integrating geometric and physical height systems using gravity data. Similar studies implementing both
methods have been conducted in the past: Croatian geoid model using KTH method with accuracy of
3.5 cm (Varga, 2018), KTH geoid model for Bosnia & Herzegovina yielding an error of 5.6 cm (Krdzali¢
& Abbak, 2023), CSH geoid model for Auvergne region in France with error of 2.7 cm (R. A. Abbak ez
al., 2024), comparison of KTH method (RMSE=6.7 cm) and CSH method (RMSE=9.8 cm) for Konya
closed basin (R. A. Abbak ez al., 2012). The goal is to compute the geoid undulation (N), defined as
N =h - H. Terrestrial gravity data capture ultra-short-wavelength variations. However, gravimetric geoid
models require both short- and long-wavelength components to achieve accuracy. DEMs are employed
to represent short-wavelength features, while GGMs account for long-wavelength variations. DEMs are
generated by various institutions through multiple satellite missions, whereas GGMs are collected and
archived by the International Centre for Global Earth Models (ICGEM) (Ince ez 4/., 2019).

The analysis commences with the regional characterization of the study area, followed by a comprehensive
review of the datasets employed. The primary data sources include GGMs, whose validation was con-
ducted using GNSS/levelling points prior to their application. Comparable studies have been performed
worldwide. For instance, GGM validation in Nigeria, conducted over 90 GNSS/levelling points, yielded
a standard deviation of 0.31 cm using a four-parameter fit (Bako ez 4/, 2025). Similarly, the validation
of GOCE-only models in Poland produced STDs ranging from 2.8 ¢cm to 3.4 cm when compared with
GNSS/levelling data and 0.84 mGal when compared with terrestrial free-air gravity anomalies (Godah ez
al., 2015). An evaluation of GGMs over the internal Aegean region of Turkey, based on 87 control points,
resulted in RMS error of 0.34 cm after applying a four-parameter fit (Yilmaz ez /., 2016). Another essential
dataset utilized in this study comprises DEMs, which were assessed against levelling data to evaluate their
accuracy. Similar investigations include the comparison of ASTER and SRTM DEMs in Turkey (Bildirici
& Abbak, 2017), the evaluation of DEM accuracy in the Auvergne region—where SRTM achieved an
RMS 0f 2.02 m and ASTER had an RMS of 4.70 m when compared with GNSS/levelling points (R. A.
Abbak, 2014), and the assessment of the TanDEM-X model in Malaysia using 45 GNSS/levelling points
(Halim ez al., 2019). The subsequent chapters provide a detailed discussion of the geoid determination
methodologies, highlighting both their theoretical foundations and practical implementation. The final
chapter presents the derived geoid models and their corresponding accuracy assessment based on RMS
error analysis. Additionally, a visual representation of the resulting geoid model is included, illustrating

the spatial variation of the geoid and supporting the evaluation of its overall precision.

2 Study area for local geoid

The study area selected for the development of a local geoid model is situated in the northwestern region of
North Macedonia, bounded by ¢ = =41°18'18" to ¢, =41°38'42" north latitudeand 4, =20°39'18"
toA =20°59'42" east longitude. This region was chosen due to its dynamic topography, with elevations
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ranging from a minimum of 594 m to a maximum of 2102 m above sea level, and an average altitude
of approximately 1264 m.

Historically, gravity surveys in the territory of the former Yugoslavia, including present-day North
Macedonia, were conducted during the 1960s and 1970s by the Military Geographical Institute from
Belgrade. This initial national campaign resulted in a network of 3,587 gravity points across North
Macedonia. The gravity survey was conducted by establishing 15 stations forming a first-order gravity
network. The network was subsequently densified through the establishment of a basic network con-
sisting of 55 polygons with a total approximate length of 370 km. The primary vector baselines of this
network were the short baseline Avala and the long baseline Belgrade—Skopje. Measurements were carried
out using a North American AGL gravimeter, employing the STEP method. The standard deviation
of the basic network is approximately 0.02 mGal, indicating high measurement precision. All gravity
observations were originally referenced to the Potsdam gravity system. In terms of positioning, the data
are referenced to the former Yugoslav national coordinate system, with the horizontal datum defined by

the Hermannskogel fundamental point in Austria and based on the Bessel ellipsoid.

More recently, a comprehensive gravity campaign was undertaken in 2010 to establish a modern gravimet-
ric infrastructure. This effort included the establishment of an absolute gravity network of the zero-order,
with measurements at three fundamental stations (Skopje, Ohrid, and Valandovo), with accuracy of 3
pGal. The network was subsequently densified with a first-order network comprising 25 points (accuracy
of 13 pGal) and a second-order network of 2,310 points (accuracy of around 60 pGal) (Gospodinov ez
al., 2015). The instruments employed are relative gravimeters Scintrex — CG5 and Scintrex CG3+. The
gravity data is referenced to the IGSN 71 (International Gravity Standardization Net 71). Positional coor-
dinates are given in the European Terrestrial Reference System 1989 (ETRS89) and refers to the GRS80
ellipsoid. The orthometric heights of the points are obtained during the NVT3 campaign (Kasapovski ez
al., 2018). The datum of the new levelling network is defined by the fundamental benchmark — Skopje
(FRSK) with its orthometric height from NVT2 campaign (AREC, 2019).

Consequently, the gravity data from SFRY were positionally transformed from the old Yugoslav coordinate
system to the ETRS89 system, while the transformation from the old Potsdam system to the new IGSN
71 was done by substracting approximately 15 mGal from the gravity data. Since the transformation
requires ellipsoidal heights, which were not available at the time, the conversion was performed using
geoid undulations from the EGM2008 model to transform the orthometric heights into ellipsoidal
heights. For the specific study area, a total of 165 terrestrial gravity data points (104 old points and 61
new points), obtained through relative gravity measurements, are utilized. With a territory covering ap-
proximately 900 km?, the gravity data density is calculated to be one point per 5.5 km?(R. A. Abbak,
2011). This density is considered sufficient for local geoid determination based on previous research
(R. A. Abbak, 2011). In addition to gravity, orthometric and ellipsoidal heights were also collected for
these points, which allows for the calculation of geometric geoid undulations. The gravity surveys are
processed to calculate gravity anomalies, which form the fundamental input for the geoid computation.
The determination of these anomalies requires the application of appropriate gravity reductions and
the calculation of normal gravity; these procedures are detailed in the subsequent chapters. The spatial
distribution of gravity data points is presented in relation to the topography of the study area in Figure 1.
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Figure 1: Topography of the study area and spatial distribution of the gravity data

2.1 Global geopotential models

GGMs describe the long-wavelength variations of the Earth’s gravity field. They are derived from satellite
missions that measure spatial variations in gravity using different satellite configurations. These models are
primarily derived from data acquired by dedicated satellite gravity missions—such as CHAMP, GOCE,
and GRACE—which measure temporal variations in the gravitational field from space. The construc-
tion of GGMs has been an ongoing effort since the 1970s, relying on spherical harmonic expansions of
varying degree and order. The earliest models, with maximum degrees around 20, offered limited spatial
resolution and were unsuitable for contemporary geodetic and geophysical applications. By contrast,
modern GGMs reach degrees and orders up to 5500, allowing for a more refined description of the
gravity field. Spherical harmonic terms are classified as zonal, tesseral, or sectoral, depending on their
degree and order (Wieczorek & Meschede, 2018). GGMs are generally classified as cither satellite-only
or combined models that integrate additional altimetry and terrestrial gravity data. This study utilizes
satellite-only models from the GOCE and GRACE missions, as well as the combined model EGM2008.
The selection criteria prioritised the most recent releases to leverage advancements in processing techniques

and data coverage. Table 1 presents the models used in this study:
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Table 1:  GGMs used in the calculation process

Model name Year published N, . Source
Tongji-Grace02k 2018 180 (Q. Chen et al., 2018)
HUST-Grace2016s 2016 160 (Zhou et al., 2017)
GOSG02S 2023 300 (Xinyu; Xu ez al., 2023)
GO_CONS_GCF_2_TIM_R6 2019 300 (Brockmann ez 4/., 2021)
GOSGO1S 2018 220 (Xinyu Xu ez al., 2017)
WHU-SWPU-GOGR2022S 2023 300 (Zhao et al., 2023)
Tongji-GMMG2021S 2022 300 (J. Chen et al., 2022)
ITU_GGC16 2016 280 (Akyilmaz et al., 2016)
EGM2008 2008 2190 (Pavlis ez al., 2012)

Before implementation, each GGM requires rigorous validation. This validation generally entails compar-
ing model-derived data such as geometric geoid undulations, free-air anomalies, or Bouguer anomalies.
ICGEM service is used for deriving gravimetric geoid undulations from each GGM at its maximum
spherical harmonic degree. Validation step for GGM:s is needed for obtatining information about the
accuracy which they represent geopotential of the Earth. Validation results is important in geoid deter-
mination for finding the most optimal GGM for the study area.

'The validation was carried out using a network of 46 GNSS/levelling stations which are shown on Figure 2.
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Figure 2:  Distribution of the GNSS/levelling points
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The results are summarized in Table 2 below:

Table 2:  Validation of GGM with GNSS data

)
furfl|
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<

Absolute validation of GGM - geoid undulations [cm]

no-fit four-parameter fit =
Name of model Min. Max. RMS Min. Max. RMS E
Tongji-Grace02k -105.48 2.92 30.06 -17.15 20.39 6.44 g
HUST-Grace2016s -174.38 -82.78 25.22 -17.10 20.69 6.49 %
GOSG02S -39.88 39.61 21.20 -17.20 20.37 6.45 )g
GO_CONS_GCF_2_TIM_R6 -41.38 41.02 22.08 -17.20 20.26 6.41 %
GOSGO1S -62.48 15.88 21.60 -17.20 20.29 6.39 g
WHU-SWPU-GOGR2022S -40.68 38.71 21.21 -17.18 20.40 6.44 -
Tongji-GMMG2021S -48.18 32.01 21.30 -17.21 20.70 6.51
ITU_GGC16 -59.48 23.82 22.21 -17.18 20.26 6.41
EGM2008 -55.48 -15.39 8.99 -28.62 15.12 8.27
The comparison indicates that the differences in the no-fit scenario are approximately 21-22 c¢m, with
the combined EGM2008 model resulting in smallest RMS value of 8.99 c¢m. The Tongji-Grace02k
model yielded the highest RMSE. Direct comparisons of geoid undulations reveal systematic biases, =

resulting in notable RMSE values. To minimise the effect of those types of errors, we must implement

a corrector surface, a four-parameter fit (Kotsakis & Sideris, 1999), (Varga, 2018) using Eq. (1):
Alx = x,cosp,cosA, + x,cosQ,sink, + x sin@,cosA, + x, (1)

Upon applying a corrector surface, the RMS error is considerably lowered to a consistent value of ap-
proximately 6.5 cm across all models. The GOSGO01S model performs marginally better than the others,
with an RMS of 6.39 ¢m. It is interesting to note that the EGM2008 which yielded smallest RMS in
the no-fit solution, does not have the smallest RMS in the four-parameter fit. Alternative correction
surfaces, such as the five-parameter fit (Duquenne ez al., 1995) and the seven-parameter fit (Fotopoulos,
2003) were also tested. However, these approaches resulted in higher RMS values. Therefore, the four-
parameter fit was adopted for this study.

2.2 Gravity anomalies

Gravity anomalies constitute the second essential dataset for geoid modelling. They are defined as the
difference between corrected measurements of gravity at the Earth’s surface and the normal gravity on a
reference ellipsoid (Heiskanen & Moritz, 1967). While multiple types of gravity anomalies are recognised
in physical geodesy, this study focuses on free-air and Bouguer anomalies, which form the basis of the
subsequent geoid computations. Before their utilisation, it is critical to describe the gravity reductions

applied to the observed data:

— The expression for computing the free-air reduction is calculated with Eq. (2) (Hofmann-Wellenhof
& Moritz, 2006):

8,,=0.3086 * H )

Filip Petrovski, Zlatko Bogdanovski | Primerjava lokalnih geoidnih modelov v zahodni Makedoniji, dolocenih z metodama KTH in CSH | Comparison of Local Geoid Models in Western Macedonia
Determined by KTH and CSH Methods | 248-26

|253]



17072

RECENZIRANI CLANKI | PEER-REVIEWED ARTICLES

EN

| 254]

GEODETSKIVESTNIK

where H denotes the orthometric height of the point, expressed in meters, while the free-air reduction
is in miligals. The reduction values are always positive, except for points located below sea level,
where they assume negative values.

— Bouguer reductions are classified as simple or complete, with the simple Bouguer reduction equal
in magnitude, but opposite in sign, to the gravitational attraction of the corresponding slab. The

formula for computing the simple Bouguer reduction is expressed by Eq. (3):

6, =—-2mGpH (3)

gs

The complete Bouguer reduction provides a more accurate representation by initially correcting
for the effect of topographic masses and it can calculated using Eq. (4) (Hofmann-Wellenhof &
Moritz, 2006):

8, =8, +3,+05,=03086 * H-27GpH +3, (4)

b — gt T Ot
Eq. (4) is an empirical one, and it is obtained when in Eq. (3) we set the Earth’s crust density to
p=2.67 glcm’.

— Terrain reduction removes the effect of topographic masses near the computation point, considering
that the layer between the Earth’s surface and the geoid is not a perfect Bouguer slab. Its value is
always positive. Here, they are calculated using the 7C module from Gravsoft software. This is a
module that uses rectangular prisms that divide the area around the computational point. In this
paper, three SRTM models with different resolution were used: detailed (36”), coarse (72”) and
reference (108”). The radius choice is arbitrary, so the inner zone has radius of 7, = 20 km and the
outer zone is defined with 7, = 200 km. The terrain corrections have values from 1.5 to 16.9 mGal,
with mean of 6.3 mGal and standard deviation of 2.9 mGal. It must be noted that in both methods,

a terrain correction is applied. Here, terrain correction referes as separate input dataset that must

be prepared for CSH method.

Having defined the reduction equations, the corresponding expressions for gravity anomalies can now
be formulated. With Eq. (5), the free-air anomalies are calculated:

Afa=g+5fa_7 (5)

where A, is the free-air anomaly, g is the gravity, o, is the free-air reduction, and ¥ is the normal

gravity. The following Eq. (6) is used for the calculation of the Bouguer gravity anomalies:
Ab:g+5fa+5gsb+5gt—;/ (6)
where is the gravity, §, is the free-air reduction, 5 is the simple Bouguer reduction, &, is the terrain

reduction, and ¥ is the normal gravity. For defining the normal gravity, we use the Somigliana
formula (Somigliana, 1929), (Moritz, 2000) calculated with Eq. (7):

ay, cosp’ + by, sin o

2 2 2 2 (7)

\/a cos@” +b”sing

where a is the semi-major axis of the ellipsoid, b is the semi-minor axis of the ellipsoid, 7, is the normal

gravity at the equator, ¥ is the normal gravity at the poles, and ¢ is the geodetic latitude of the point.
For this study, we used the GRS80 ellipsoid, consistent with ETRS89 for our region.
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Figure 3:  Distribution of free-air anomalies

Initially, the observed gravity values at the 165 gravity stations were converted to free-air anomalies using
the corresponding orthometric heights. Subsequently, simple Bouguer anomalies were computed. These
anomalies were then interpolated to the grid nodes using an appropriate interpolation method. Based
on the Bouguer anomaly values, the mean topography derived from the SRTM dataset was utilized to
compute the interpolated free-air anomalies. Accurate geoid determination via the KTH and CSH meth-
ods requires free-air anomalies beyond the target area, extending by at least 1° in latitude and longitude.
Such data can be collected from neighbouring countries or obtained from GGMs. In our research, we
implemented gravity anomalies from the EGM2008 model. Figure 3 shows the free-air anomalies from
terrestrial measurements (blue), with the target area marked in green (20'24" latitude and longitude)
and the extended data area in red. Terrestrial coverage is adequate in the east, north, and south, whereas
the western region (Republic of Albania) is covered solely by EGM2008. The reason why EGM2008 is
used is because this model contains the terrestrial gravity data from the region.

In addition to the results in Table 2, where GGM-derived geoid heights were compared with GNSS
measurements, a further evaluation was performed using gravity anomalies from GGMs alongside ter-
restrial free-air and Bouguer anomalies. This comparison gives information about the correlation of the
selected GGMs to the ground data, similarly as the comparison of GGMs to the GNSS/levelling data.

This comparison employed 165 gravity points, and the results are summarized in Table 3:
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Table 3:  Validation using free-air and Bouguer anomalies

Absolute validation [mgal] — free-air anomalies Absolute validation [mgal] — Bouguer

anomalies
Name of model Min. Max. RMS Min. Max. RMS
Tongji-Grace02k -73.57  108.12 45.65 -31.95 -4.88 20.49
HUST-Grace2016s -51.48  126.59 51.09 -28.62 -9.46 18.68
GOSGO02S -89.04 85.8 46.03 -23.94 -5.05 13.26
GO_CONS_GCF_2_TIM_R6 -90.25 86.03 46.40 -24.82 -5.19 13.87
GOSGO01S -76.98 91.58 44.65 -25.55 -2.63 13.82
WHU-SWPU-GOGR2022S -89.06 85.79 46.03 -23.95 -5.07 13.28
Tongji-GMMG2021S -86.46 87.09 45.54 -23.13 -2.01 11.13
ITU_GGC16 -81.66 93.64 44.64 -30.09 -10.64 18.68
EGM2008 -72.36 84.30 28.61 -66.85 32.95 23.42

As indicated in Table 3, RMS values are greater for free-air anomaly comparisons than for Bouguer
anomalies, reflecting the height dependency of both anomaly types. Free-air anomalies are emphasised
because they are directly used in geoid determination methods. From the table, it is evident that HUST-
Grace2016s performs worst in terms of free-air anomalies, while EGM2008 performs best. Conversely,
for Bouguer anomalies, Tongji-GMMG2021S is the most accurate model, whereas EGM2008 shows
the largest discrepancies.

2.3 Digital elevation models

DEMs describe the Earth’s topography in digital form. DTMs (digital terrain models) reflect the ter-
rain along with vegetation and built structures, while DSMs (digital surface models) represent solely
the bare ground, omitting any natural or artificial objects (Varga, 2018). These models are generated
through geospatial applications, including gravity interpolation in geodesy, risk assessment in geographic
information systems, hydrological simulations, and morphological analyses. Similar to GGMs, DEMs
are subject to both random and systematic errors. Therefore, they must be validated against terrestrial
data obtained from local surveys before use(Bildirici & Abbak, 2017). In this paper, four different
DEMs are used:

— SRTM (Shuttle Radar Topography Mission) is a terrain model created by a joint project between
NASA, the German Space Agency, and the Italian Space Agency. With this mission are acquired
3D images of the Earth’s surface are acquired using radar interferometry, where with overlapping
of two images produces the elevation of the terrain. After that, the images are transformed into a
DEM spanning from 60°N to 56°S (Bildirici & Abbak, 2017). The vertical accuracy of the model
is approximately 16 meters at around 90% confidence. The products are publicly available at the
website of the USGS (USGS, 2024). This model is characterised by a horizontal datum WGS84
and a vertical datum EGM96. The resolution of the used SRTM is 17.

— ASTER (Advanced Space-borne Thermal Emission and Reflection Radiometer) is an observing
sensor that was mounted on the satellite Terra in 1999. This sensor is the result of a collaboration
between NASA and the Japanese Ministry of Economy, Trade, and Industry (METT). The model

is generated by two (a pair) stereo images with nadir and backwards angles over the same area in
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2009. This strategy made it possible to obtain DEM with improved accuracy due to multiple
images. The model covers the Earth’s surface from 83°N to 83°S (Bildirici & Abbak, 2017). Data

for the model is available in TIFF format with 1°x1° tiles at 1 arc-second resolution. Model data

can be downloaded from the Japanese Space System server (ASTER, 2024). The vertical accuracy
ranges from 10 to 20 m. The model has an identical vertical datum, EGM96, and horizontal datum
WGS84 as the SRTM models.

— MERIT (Multi-Error-Removed Improved Terrain) is a product of the research team led by Tohishiro
Jamazaki from the University of Tokyo. This model has with 3 arc-second resolution (=90 m), created
by using the existing SRTM and AW3D models. These models are improved by removing certain

errors (absolute bias, stripe noise, speckle noise, tree height bias) by using multiple satellite databases

RECENZIRANI CLANKI | PEER-REVIE\

and filtering techniques. After error removal, the land surfaces had an improved accuracy of around
2 m at a certainty of 58%. The vertical accuracy ranges from 2 m to 5 m. The vertical and horizontal
datums remain the same as the two models before. The data is presented in tiles with dimensions
of 5°x5°. The format can be ESRI (Fortran Direct Access Format) or GeoTiff. This model finds its
application most within projects about hydrology and the environment (Yamazaki ez a/., 2017).

— TANDEM-X (TerraSAR-X add-on for Digital Elevation Measurements) is an observation radar

mission consisting SAR-interferometer created by two identical satellites orbiting closely to each

EN

other. The cross-interferometry with distances from 120 to 500 meters makes it possible to create
accurate interferograms not affected by time decorrelations or atmospheric influences. The primary
aim of the mission is to create a DEM with vertical accuracy of 1-2 meters, which was successfully
done. This model finds its use in geology, oceanography, environmental tasks, cartography, and
meteorology. The resolution is 1 arc-second (=30 m). The horizontal datum is WGS84, while the
vertical datum is EGM2008 or WGS84. For our paper, EGM2008 was used. As we can see, the
vertical datum is different from the previous three models (TanDEM, 2024).

Although these four models have been validated in numerous previous studies, as discussed in the intro-
duction, they have not yet been tested within the territory of the Republic of Macedonia. Therefore, all
four models were applied in this research to evaluate their performance. DEMs are widely used in geoid
determination, but their performance must be verified against terrestrial measurements. Orthometric
heights from the DEMs were compared to 46 GNSS/levelling points. The distribution of the points is
shown in Figure 2. The orthometric heights of the levelling points were used. They are obtained with
spirit levelling. The accuracy of the GNSS points is 4 mm horizontally and 6 mm vertically as provided
by AREC. The comparisons are made between all models and TANDEM-X, because they have different
vertical datum, so a correction surface was applied, following the procedure used for GGM evaluations

in the previous chapter. The RMS error statistics for all models are summarized in Table 4:

Table 4:  Comparison between DEMs

Absolute validation [m] — four-parameter fit

DEM
Min. Max. RMSE
SRTM-TANDEM -51.36 41.19 22.25
ASTER-TANDEM -49.72 43.3 22.68
MERIT-TANDEM -6.75 31.01 6.85
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As noted above, the performance of each model is most effectively assessed by comparing its orthometric
heights with GNSS points obtained through spirit levelling. Here, a corrector surface must be imple-
mented since the vertical datum of the DEMs is different from the orthometric heights of the levelling
points which are fitted to the mean sea level at a tide gauge. The comparison with terrestrial data provides

a quantitative measure of model accuracy, and the results are presented in Table 5:

Table 5:  Comparison of DEMs and GNSS points

Absolute validation [m] — four-parameter fit
DEM

Min. Max. RMSE

SRTM-GNSS -131.02 134.7 61.21
ASTER-GNSS -131.53 134.31 61.22
TANDEM-GNSS -143.19 133.34 59.65
MERIT-GNSS -142.08 139.04 58.601

Table 5 indicates that RMSE values between the DEMs and terrestrial data range from 58.61 m (MER-
IT-GNSS) to 61.22 m (ASTER-GNSS). Although MERIT yields the smallest RMS, all four models
produce similar results; therefore, all are employed in geoid determination. This indicates that, regardless
of the chosen DEM, the resulting geoid model should exhibit minimal RMS error when compared with
geometric geoid undulations.

3 Geoid determination methods

The gravimetric geoid can be determined using two methods: KTH and CSH, both relying on similar
datasets, including GGMs, DEMs, free-air anomalies, and terrain corrections. The KTH method uses
terrestrial free-air anomalies, DEM-based terrain data, and GGM anomalies, while the CSH method
additionally incorporates terrain corrections. The methods differ in data processing and Stokes kernel
modification: KTH is stochastic, whereas CSH is deterministic. Although both approaches are widely
studied, no consensus exists regarding their relative performance, which varies regionally due to differ-
ences in terrestrial gravity data, the regional GGM, and the accuracy of GNSS/levelling measurements
used for validation.

3.1 KTH method

The KTH method, or least squares modification of the Stokes integral with additive corrections, is a geoid
modelling technique developed at the Royal Institute of Technology (KTH), Stockholm, Sweden, by
Prof. Lars Sjoberg in the late 1980s. This approach first computes approximate geoid undulations using
terrestrial free-air anomalies and GGMs. Additive corrections are then calculated, and their combina-
tion with the approximate undulations produces the final gravimetric geoid. The main geoid
undulation expression is given in Eq. (8) (L. E. Sjoberg, 2003a):

N = N + 5N;;MA + 5NDWC + é‘Nﬂtm + é‘Zvell (8)

QT - . . . omb * . .
where N is the approximate geoid undulation, S/V! o is the combined topography correction, 6N, .
is the downward continuation correction, 6N is the combined atmospheric correction, and 6N, is
the ellipsoidal correction. The geoid undulations are calculated using the well-known Stokes formula
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Eq. (9), which is one of the fundamental formulas in physical geodesy (Heiskanen & Moritz, 1967):
R
N= %gS(l//)Ang' ©)

Here, Prof. Sjoberg modifies the Stokes kernel (L. E. Sjéberg, 2003a), so basically we calculate the ap-
proximate geoid undulations by using the terrestrial free-air anomalies and filling the voids with
data from GGM. Now, Eq. (9) can be written as Eq. (10) (L. E. Sjoberg, 2003a):

§ =2 (s, (wmgdo+ 30 ag (10)
4727/ a0 ' 27n:2 ! !

where Ag is the free-air anomalies, o, is a cap with spherical radius  of integration around the com-
putation point, S, is the modified Stokes kernel, and Ag is the gravity anomalies from GGM, & is the
modification parameter, M is the maximum degree of expansion of the GGM. This modification is nec-
essary because the original Stokes formula assumes gravity measurements over the entire Earth’s surface,
which is not achievable in practice. Consequently, terrestrial data are used wherever available, while
areas without measurements are supplemented using data from GGMs. The Eq. (11) defines the
topographic correction that is dependent on the orthometric height of the point, Newtonian
gravitational constant and the density of Earth’s crust (L. Sjéberg, 2007):
27GpH’®

‘SNZ% =0N,, +5NZ‘; = —(1"‘2) (11)
v 3R

This correction has the biggest impact of all corrections, with values ranging from centimetres to deci-
meters. The following correction is the downward continuation correction (L. E. Sjéberg, 2003b):

SNpye =N + SN L SN2 (12)
where
SN0 =88 g 3N —LaAg| (13)
R R n+2
SN — N R A (14)
dwe 27/2,1:2 n rP gn
OAg
12 _ L
SN2 = jjs w [ ~ ‘Q(HP—HQ)}do-O (15)

In this correction, the values are in centimetres, which means the influence is smaller than the topographic
correction. The combined atmospheric correction (L. E. Sjéberg, 1999) for the masses surrounding
the computation point is approximated with Eq. (16):

comb

s =R (st (y ), do, (16
4

Where G is the Newtonian gravitational constant, R is the mean Earth’s radius, p is the density of the
atmosphere at sea level, which has a value of 1.23 kg/m?, §" is the modified Stokes kernel, A s the
mean height of the point B, dGO is surface element on the unit sphere over the integration area o, The
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last implemented correction is the ellipsoidal correction (Ellmann & Sjoberg, 2004) because of the
approximation of the Earth’s surface with a sphere calculated with Eq. (17):

SN, =[(0.0036-0.0109sin’ ) Ag +0.0050N cos” ¢ |Q; (17)

The atmospheric and ellipsoidal corrections have magnitudes on the order of millimetres or tenths of
a millimetre. Approximate geoid undulations depend on both terrestrial gravity anomalies and GGM-
derived anomalies. The topographic correction is determined by the DEM, GGM, and the density of the
Earth’s crust. Similarly, the downward continuation and atmospheric corrections depend on the DEM,
GGM, and terrestrial gravity anomalies. The ellipsoidal correction is computed using the approximate
geoid undulations and terrestrial free-air anomalies.

3.2 CSH method

The classical Stokes-Helmert (CSH) method is a deterministic approach for geoid determination.
It utilizes the Stokes integral (Eq. 9), solving the global boundary value problem in potential
theory (Hofmann-Wellenhof & Moritz, 2005). The method follows a remove—compute—restore (RCR)
scheme. In the remove step, DEM and GGM contributions are subtracted from terrestrial free-air
anomalies. Helmert’s condensation is applied, representing topography as a thin mass layer on the geoid
(R. A. Abbak ez al., 2024). The DEM and GGM represent the medium and long wavelength variations
of the gravity field of the Earth. Residual geoid undulations are computed in the compute step and
restored by adding the geoid undulations from DEM and GGM. Residual free-air anomalies are
obtained using Eq. (18):

Agmd: AgFA _Ag.GGM_AgDTE (18)
where Ag™ are the free-air anomalies acquired by terrestrial measurements, Ag® are gravity anomalies
produced by the GGM, and Ag”"* represent the direct influence of the topographic masses. The Ag™
values are computed using Eq. (5), and the Ag“® values are obtained using Eq. (19):

AgeM = G—ZZWZ(n - l)(zj i x(AEnm cosmA+S, sin m/l)l_)m (cos®) (19)
7 oa=2 7/ m=0

In Eq. (19), GM is the product of the multiplication of the Newtonian gravitational constant and
the Earth’s mass, 7 is the radial distance from the computational point, 7__ is the maximum degree
of expansion, 7 is the degree of the GGM,  is the order of the GGM, « is the semi-major axis of the
level-ellipsoid, C ., and S ., are harmonic coefficients of the model, and ﬁnm is a normalized Legendre
function. In the remove step, using the Helmert condensation, the topographic masses are condensed to
an infinitely small layer of the geoid and gravity anomalies are continued to the geoid surface from the
computation point on the Earth’s surface. With this method, certain changes happen in the

measurement results, so we have to calculate Ag”™ using Eq. (20) (Serpas, 2004):

AgDTE _

GpR jj (e H)wa (20)

Besides the removal of the direct topographic effect, because of Helmert’s condensation, a difference arises
between the real and condensed topographic masses, so an additional secondary topographic indirect
correction must be applied Ag”"* using Eq. (21) (R. A. Abbak ez al., 2024):
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After the corrections for the topographic masses, we must implement a correction for the direct atmos-

(1)

pheric effect caused by the atmospheric masses surrounding the point where we do the measurements,
so similarly like with the KTH method, we calculate the atmospheric correction Ag?* using the Eq.
(22) (NOAA et al., 1976), (Ramazan Alpay Abbak ez al., 2025):

Ag"*=0.871-1.0298 - 10“H +5.3105 - 10°H* +2.1642 - 103 H® +9.5246 - 10 H* (22)

The last correction is the ellipsoidal correction, which we add because we do an Earth’s approximation

with a sphere defined by Eq. (23) (Jekeli, 1981):
2
Ag™t = —e—slné’cosﬁa—T-i- (3cos 0- Z)T (23)
R 06

where ¢ is the first eccentricity of the level ellipsoid, 7"is the disturbing potential of the computation
poing, and 6 is the co-latitude of the point. With all the aforementioned equations, the final formula
for the calculation of the residual of the free-air anomalies is presented in Eq. (24):

Agmi: AgFA _AgGGM_AgDTE+A SITE | A\ gPAE | A ELL (24)

The values of Eq. (24) are used for the calculation of the residuals of the geoid undulations using Eq. (25):

Ny, = ”S w)Ag,.. Ao (25)

For obtalnmg the definitive geoid undulations, we must calculate the geoid undulations from the GGM
in the step restore using Eq. (26):

NgM = (j/—jyz;(fj Z”,:OX(AEW cosmA+S,, sin mﬂ)ﬁm (cos®) (26)

As well as the geoid undulations caused by the topographic masses, which constitute the primary indirect
topographic effect on the geoid model using Eq. (27) (L. Sjoberg & Nahavandchi, 1999):

Ny = ﬂ'GpH GpR _U 27)

With these three elements, the final formula for the geoid undulations using the CSH method is Eq. (28):
N =Ny + Ny + Ny (28)

4 Practical determination of the geoid models

The geoid computations were performed using the software packages LSMSSOFT (R. Abbak & Ustiin,
2015) and CSHSOFT (R. A. Abbak ¢t al., 2024). All input data must share the same grid resolution.
For the study area in this paper, a grid resolution of 36 arc seconds (0.01 arc degrees) is selected, cor-
responding to an approximate 1 km between the grid centres.

— KTH method - In this approach, the input data include terrestrial free-air gravity anomalies and

gravity anomalies derived from GGM, orthometric heights for the grid centres from DEM, and the
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as summarized in Table 6. The resulting geoid model is shown in Figure 4:

N [m]

20.655 20.695 20.735 20.775 20.815 20.855 20.895 20.935 20.975

Figure 4:  Gravimetric geoid - KTH method (GGM-GOSG025)

'The gravimetric geoid model alone is not directly applicable in practice. It must be aligned with a vertical
reference system tied to mean sea level. This requires comparison with a GNSS/levelling geoid model
and application of a four-parameter corrector surface that was explained earlier in the paper. The result-
ing corrections are then added to the gravimetric geoid, producing the final hybrid geoid model. The
comparison between the models is presented in Table 6. The first comparison is done directly without
applying any corrector surface (no-fit comparison), while the second one is with a four-parameter fit
surface. The results show the minimum and maximum difference between the models as well as the

RMS error.

Table 6:  KTH method comparison

GGM’s gfc file containing harmonic coefficients up to the model’s maximum degree. Using this
method, two geoid models were produced. The first one was obtained using: GGM-GOSGO02S, with
maximum degree of expansion of 300, DEM-SRTM17, spherical distance of 1 degree and terrestrial
gravity anomalies variance of 30 mgal®. The second one is obtained using model EGM2008 with
maximum degree of expansion of 600, while all the other parameters and data used are same as for
the first model. Using the specified models and parameters, the smallest RMSE values were obtained,

Absolute validation [cm]

Model Fit

Min. Max. RMS
No-fit 32.13 85.57 13.66

GOSG02S
Four-parameter -21.43 12.47 5.53
No-fit -18.06 112.86 32.77

EGM2008
Four-parameter -24.56 11.54 6.31

— CSH method - In this approach, in addition to the data used in the KTH method, terrain corrections
are computed using the TC module with GravSoft software (Tscherning ez al., 1992), (Forsberg &
Tscherning, 2008). Two geoid models were produced using the CSH method, as well. The first one
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is created using satellite-only GOSGO1S with maximum degree of expansion of 220, and another

one using combined EGM2008 model with maximum degree of expansion of 760. The other pa-
rameters for both models are DEM-SRTM17, spherical integration distance of 1°, and maximum
degree of expansion for Stokes kernel of 160. These GGM models were used since they yielded the
smallest RMSE. The final gravimetric geoid model is shown in Figure 5:

452
45

4.8
4456
4.4
4.2
44

438
436
434
432
%

N [m]
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41.305
20.655 20.695 20.735 20.775 20.815 20.855 20.895 20.935 20.975

Figure 5: Gravimetric geoid - CSH method (GGM-GOSGO1S)

Statistical comparison of the gravimetric and geometric geoid models is done for this method as well,

and the results are shown in Table 7:

Table 7:  CSH method comparison

Absolute validation [cm]

Model Fit

Min. Max. RMS
No-fit 46.69 100.72 13.70

GOSGO1S
Four-parameter -19.25 14.75 5.51
No-fit 27.46 84.13 14.43

EGM2008
Four-parameter -19.45 14.41 5.58

The comparative analysis of the two methods reveals that the optimal performance is achieved using
different satellite-only models. Notably, improved results are achieved within the CSH method through
the use of an older GGM in comparison with the KTH method. Specifically, GOSGO1S, which is the
predecessor of GOSGO02S, produces slightly smaller RMSE values. Although an older model is employed,
this does not imply that the results obtained with GOSGO2S are significantly worse. In fact, the dif-
ferences between GOSGO1S and GOSGO2S are on the order of tenths of a millimeter. Here, only the
model yielding the smallest RMSE is presented.

Another comparison is done by presenting the differences between the models derived with both methods.
The check is done on the 46 GNSS/levelling points. The results are presented in Table 8.
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Table 8:  Statistics of differences between KTH and CSH models

v
o Absolute validation [cm]
= Model
= Min. Max. Mean RMS
[am)
= Gravimetric -19.30 -12.06 -15.09 1.21
= Hybrid -5.45 2.65 0.47 1.55
o
o
&
=
=
O -10
=
é -12
~
= 1
]
= -16
-18
-20
-22
-24
-26
= SN [cm)

41.305-4+—== - "
20.655 20.695 20735 20775 20815 20.855 20.895 20.935 20.975

Figure 6: Gridded differences between KTH and CSH methods, gravimetric geoid

As illustrated in Figure 6, the gridded differences are smaller in the southeastern part of the study area.
Moving toward the northwestern region, these differences increase between the two methods. This varia-
tion is likely attributed to the more pronounced topographic relief present in the northwestern portion of
the study area. To assess the true performance of a geoid model using GNSS-levelling data, an additional
validation is carried out in a relative sense. In this approach, discrepancies between differential geoid heights
derived from gravimetric and geometric geoid models are computed for all possible baselines formed by the
GNSS-levelling benchmarks. The resulting disagreements are then expressed in relative terms,
specifically in parts per million (ppm), by fitting the gravimetric geoid to the GNSS-levelling geoid with
the Eq. (29):

N +a x= N +a x—(Nf* = N&)

D,

o

AN, = (29)

where D, is the spherical distance expressed in kilometers between points 7 and j, N¢* and N#* are the
gravimetric geoid undulations and N and N] « are the geometric geoid undulations. The geoid undula-

tions are expressed in millimeters.

Table 9:  Statistics of relative validation with KTH and CSH models

Model Relative validation [ppm]

Minimum Maximum Mean
KTH 0.0 365.2 7.6
CSH 0.0 352.2 7.1
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Examination of the final geoid models reveals similar behaviour between the gravimetric and hybrid
models for both KTH and CSH methods, as summarized in Table 10.

Table 10: Comparison of models between methods

Units - [m]
Model
Minimum Maximum Range
KTH-gravimetric 42.78 45.21 2.43
CSH-gravimetric 42.97 45.33 2.36
KTH-hybrid 42.38 4417 1.79
CSH-hybrid 42.46 44.14 1.68

Both approaches yielded accurate results, with RMS values of 5.53 cm for KTH and 5.51 ¢m for CSH,
indicating that the CSH hybrid model represents the most precise solution.

5 Conclusion

From the preceding discussion, it is evident that validation of GGMs is a crucial step before their use in
geoid determination. Similarly, terrestrial gravity anomalies, obtained from field measurements, provide
ground-truth data, and the reliability of the resulting geoid model improves with the quantity and quality of
such data. DEMs must also be validated against orthometric heights acquired through spirit levelling before
application. Also, the use of satellite-only models exhibited smaller RMS error values than using EGM2008
model for the KTH method, while for the CSH method, both types of GGMs showed similar behavior.

Since this represents the first study of its kind conducted within the Republic of Macedonia, several
directions for future research are proposed to enhance the accuracy and reliability of geoid modelling
in the region:
— Future studies may employ different crustal density models, such as the UNB model, to assess their
influence on the computed geoid and improve regional representation of mass distribution.
— The use of combined geoid models should be explored for validation against ground-truth GNSS/
levelling data and to refine local geoid computations.
— Utilization of high-resolution DEMs, such as FABDEM or Fathom DEM, could replace or supple-
ment data to improve the modelling of topographic effects, particularly in regions with complex relief.
— Application of another RCR methods such as implementation of least squares collocation (LSC) or
Fast Fourier Transform (FFT) methods—may yield higher precision in local geoid determination.
— Future campaigns could focus on densifying the existing gravity network, particularly by condu-
cting additional relative gravity measurements to complement the data obtained during the 2013
campaign. Using a consistent and recent gravity dataset exclusively for geoid computation would
enhance the internal consistency and accuracy of the model.
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